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Abstract 

We describe the ring structure of the cohomology of the Hilbert scheme of points for a smooth surface 
X. When X is C^ this was done in \VM I21| by reahsing this ring as a degeneration of the center of 
CSn- When the canonical class Kx = 0, I14| extended this result by defining an algebra structure on 
H*{{{x,g) G X" X Sn \ gx = x}); the Sn-invariants of this algebra is the desired ring. 

But when Kx ^ it seems no such algebra can exist. A completely different approach is needed. 

Instead we recast this problem as a question of finding integrals of motion for a Hamiltonian which 
describes "intersection with the boundary" . To do so, we use the identification of the cohomology of the 
Hilbert schemes with a Fock space modelled on the lattice H{X) I1UII19( . With this identification, Lehn 
computed the operator of intersection with the boundary. This is essentially the Calogero-Sutherland 
Hamiltonian. 

We then solve the problem of finding integrals of motion by using the Dunkl-Cherednik operators to 
find an explicit commuting family. 

We provide two characterizations of the Hilbert scheme multiplication operators; the first as an algebra 
of operators that can be inductively built from functions and the CS Hamiltonian, and the second in 
terms of the centralizer of the CS Hamiltonian inside an appropriate ring of differential operators. 

1 Introduction 

This paper describes the ring structure on the cohomology of the Hilbert scheme of points for a smooth 
algebraic surface. The main new idea in our solution of this problem is to consider the problem as a question 
in integrable systems. Having done this, we must also solve the integrable system, i.e produce integrals of 
motion. We do this by defining a variant of the Cherednik Hecke algebra depending on a finite dimensional 
algebra H. We then give several characterizations of the family of commuting differential operators this 
constructs. 

Let us describe the problem we solve, and previous work on it. 

Let X be an smooth algebraic surface, and Hilb"(X) the 2n-dimensional smooth algebraic variety pa- 
rameterising length n subschemes of X — the n'th Hilbert scheme of points for X . 

The papers |1(J[ [T^ discovered that the correspondences between Hilbert schemes given by adding points 
constrained to lie on cycles in X organize into an action of an infinite dimensional Lie algebra. This gives a 
canonical identification 

T = SymxH[x] ©„iJ*(Hilb"(X)) 

as modules for a Heisenberg Lie algebra, and hence in particular an isomorphism of graded vector spaces. 
(We always work in the category of super vector spaces, so that Sym V means the symmetric algebra of V^^ 
tensored with the exterior algebra of V"''''^). We write J- = ®n^", where J-"" is the n'th-eigenspace of the 
energy operator d = x-§-. 
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The ring structure on cohomology now induces an additional map T (i) T —* T ^ and the problem that 
this paper addresses is to describe this map — to determine the cohomology ring of the Hilbert scheme, in 
the Fock space coordinates. 

This problem was first considered by Lehn |12| . who also made significant progress to its solution. Each 
Hilbert scheme Hilb"(X) contains a natural divisor, the complement of the loci of distinct points, and hence 
a class in 7?^(Hilb"(X)). Cup product with this class, summed over all n, is thus an operator Z : T ^ J- ^ 
and ^21 identifies this operator explicitly. In the Fock space coordinates it can be written as a 2nd order 
differential operator depending on the Frobenius algebra structure of H{X) and on the canonical class 
K G H^{X). 

The operator £ is naturally associated with the first Chern class of the cotangent bundle of X. In a 
similar manner any cohomology class on X inductively determines a set of operators on T, and using the 
results of [T^, Li, Quin and Wang show in a series of papers |15[ll6j that the subring these operators generate 
is the ring of multiplication operators on the Hilbert scheme. After |10[ [T^ , no new algebraic geometry is 
needed — these results determine the ring implicitly. 

However, though much progress was made in in the above papers, the relations that these operators 
satisfy is not clear. In particular, there is no construction of the operators without already knowing the 
Hilbert scheme exists, and no presentation of the cohomology ring. 

When K = 0, the situation was satisfactorily resolved in [T^: they construct an algebra An whose under- 
lying vector space is H{{{x,g) £ X" x Sn \ gx = x}) and show that its ^n-invariants are i7(Hilb"(X)).This 
algebra is the Chen-Ruan orbifold cohomology ring of X"/Sm and provides evidence for a conjecture of 
Ruan on ring structures on crepant resolutions. 

Unfortunately, this approach fails when K ^ 0. It seems that there is no flat family of algebras An{K) 
equipped with an 5„ action such that A„(0) = An and whose generic point has An{K)^" — i?(Hilb"(X)). 

New ideas are needed. 

Instead, we begin with the following key observation. Cup product with an element a € Yin defines 
a linear map on J-', and, for reasonable a, a differential operator on J-'. This differential operator commutes 
with the operator £ — after all, cohomology is a (super)-commutative ring. Hence there are as least as many 
differential operators which commute with £ as the dimension of the space J-. 

Thinking of £ as a Hamiltonian, this is precisely saying £ defines an integrahle system. It rephrases the 
problem of determining the ring structure on T as the problem of finding integrals of motion — determining 
the centralizer of £ in an appropriate ring of differential operators on T , and showing that the centralizer is 
commutative and in bijection with J- . 

However, as noticed by PlIHlEli £ is a variant of a well known operator — it is a version of the bosonised 
Calogero-Sutherland Hamiltonian, familiar from exactly solvable models of statistical mechanics ^ . So the 
problem of describing the the ring structure on the Hilbert scheme becomes an algebraic problem, that of 
solving a deformed version of the Calogero-Sutherland system. 

We do that in this paper. We begin by defining a ring of continuous differential operators on the Fock 
space, ViSHj<' ^ ■ This depends on both the ring structure on H{X) and on an additional parameter 
K' 6 H™{X). Section 2 of this paper is devoted to its properties. It is a limit of finitely generated algebras, 
and much smaller than the ring of all differential operators. 

We also define an operator £/<-/ e 'D\Qh,K' J'', when K ^ K' this is the operator £. For generic K' , define 
2Mk' to be the centralizer in T>iSH,K' ^ of SjK' and of the energy operator d. As TM.K' commutes with 9, 
for each n it projects to give a subalgebra of End J^". Degenerating K' to iiT, we get an algebra JAAk for 
any K. 

Then our first description of the ring structure is 

Theorem 1.0.1. TAAk is a commutative algebra, independent of any choices, and for any n the image of 
IMk in End.?^" is precisely the algebra of multiplication operators iJ(Hilb"(X)) C End.?^". 
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In order to prove this theorem, we give an explicit construction of TJ^k' as a polynomial algebra. 
We begin by rewriting the Calogero-Sutherland Hamiltonian £ as an inverse limit of r-particle generalized 
Calogero-Sutherland Hamiltonians. (To do this precisely forces us to work with augmented or non-unital 
algebras). 

We then show each r-particle system is integrable, following the methods of Dunkl, Cherednik and Op- 
dam. This consists of writing an explicit polynomial algebra of commuting difference-differential operators. 
The symmetric group acts on these operators, and the invariants act purely as differential operators. The 
quadratic invariant is the CS Hamiltonian, and these operators are the entire centralizer of the Hamiltonian. 
Put differently, we define a version of the degenerate Cherednik double affine Hecke algebra depending on a 
Frobenius algbera H — H{X), and its spherical subalgebra is the desired algebra of integrals of motion. 

This gives an explicit description of the integrals of motion for each finite r, as well as showing there 
are exactly enough of them. Taking the limit over r, we get a description oflMx in terms of degenerating 
families of Dunkl-Cherednik operators. In particular we recover the previous theorem. 

Section 4 is a description of the generalized Cherednik algebra, and its behaviour in the inverse system and 
flatness properties with respect to twisting. This enables us to solve the Calogero-Sutherland Hamiltonian £ 
attached to any Frobenius algebra H and parameter K, without needing the existence of the Hilbert scheme 
to produce "enough" commuting operators. 

In order to compare the integrals of motion we construct with the algebra of operators constructed in 
|12[ I15L , we need to characterize this latter algebra. It turns out that this has a simple description as 
differential operators built out of £ and the (usual) algebra structure on the Fock space J-. We encode this 
in the notion of locality in section [2.81 and in section 7 we prove that the algebra of differential operators 
local for £ is just the desired algebra of multiplication maps. In section 5 we show that XA4k are the local 
operators for £ for any H and K, proving the main theorem. 

It seems this is the first occurrence of integrable systems in this manner in algebraic geometry. 

Acknowledgements. We would like to thank Peter Bouwknegt and Ruth Corran for helpful conversations, 
and Manfred Lehn for his interest in this work. We would also like to thank MSRI, where this work was 
started. K.C. would like to thank the Cecil King Memorial Foundation for generous financial support. 

An earlier version of this document has been circulating since January 2003, and both authors have given 
many talks on the contents since December 2002. 

1.1 Notation. 

All vector spaces are super vector spaces, that is they are Z/2-graded. By a structure of a commutative 
algebra on a super vector space, we mean a super-commutative algebra. Lie brackets are taken in the super 
sense, that is 

[a,/3] = a/3 - (-l)l"ll'^l/3a 

for homogeneous a and /3. Endomorphism algebras of super vector spaces have a natural Z/2-grading. If A 
is a Z/2-graded algebra, we write for the subgroup of even invertible elements. 

If Xi, . . . ,Xn are subsets of an algebra A we write {Xi, . . . , A„) for the subalgebra of A that they 
generate. 

We will often use filtered objects. A filtration on an object X in an abelian category is a sequence of 
subobjects F'X, i e Z, such that F'X C X C X if i<j. It is exhaustive if n^F'X = and U^F^A = A, 
and non-negatively graded if F^X = for i < 0. Define F°°A = UiF'X and F-°°X = n,F*A. Then there 
is a functor from filtered objects to exhaustive filtered objects which sends A to F°°X/F^°°X. 

We write Gr* A = F'X/F'-^X, and if F C A we give Y the induced fihration F'Y = Yn F'X, so 
Cry C GrA. 
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2 Differential operators on Fock space 



Let yl be a commutative ring. In this section we use the ring structure on A to define a sequence of ideals in 
the Fock space Sym A; i.e. to define a topology on Sym^. We then define the ring of continuous differential 
operators on Sym A in the standard way. 

In fact, we use the equivalent language of pro-rings. The main result of this section is proposition 12. 4. 71 
which identifies Piff Sym^. 

2.1 Non-unital algebras 

We will need to work with augmented algebras. Equivalently, with non-unital algebras. 

Let CAlgjj denote the category of unital commutative associative algebras, CAlgjy denote the category 
of (possibly) non-unital commutative associative algebras. The forgetful functor CAlg^; CAlg^ has a left 
adjoint + : CAlg^ CAlg^, 

HomcAig„ iA+,B) = HomcAig„ {A, B) 
for A e CAlgjv, B e CAlgj^, where the underlying vector space of A+ is C x A, and multiplication is defined 

by 

(A, u) ■ (/i, v) = (A/i, \v + + uv). 
We write (1, 0) = 1, and note there are two exact sequences of non-unital aglebras 

A ^ ^ C ^ 0, and 

Q^<C^A+^A^Q. 

If A e CAlgjj, these exact sequences split, and there is an isomorphism of unital algebras A+ = C x A, 
(A, u) I— > (A, A • 1a + «)• The essential image of -I- is the category of augmented unital algebras. 

Both CAlg[; and CAlgjy admit coproducts, denoted ®, ®+ respectively. We have, if A, B e CAlgjy that 

{A®+ B)+ = A+®B+. 

Note that the underlying vector space of A B is not the tensor product of the underlying vector spaces 
of A and B. There is also an action of CAlgjj on CAlg^, denoted ®; we have {A ® B)+ = A (S) if 
A e CAlgy, B G CAlgjv. 

(Recall that the coproduct of A and B is the object in CAlg equipped with a morphism from A and 
a morphism from B; the images of these morphisms generate A ® and the only relation imposed is the 
images commute. In CAlg, the maps A A(i$ B, B A® B are injective, as the above description shows.) 

We will write (CAlg, O) to mean either one of the categories (CAlg^, 0), (CAlgjy, (g)+) when no confusion 
is possible. 

2.2 Notation 

Let A e CAlg ( = (CAlgj;, (g)) or (CAlgjy, 0+)). Write a ^ Gi for the i'th map A A"^", 1 <i<n (recaU 
the definition of A^" as a coproduct). If A 6 CAlg^j, then = l(g)...l(g)a(X)l---®l. More generally, if 
/ C {1, . . . , n} we have embeddings yl*^", 7 1-^ 7/. For example, given an element A G A^ A we 

get elements A,., G A®". 

Similarly, if 9 G Der(j4, A) is a derivation of A, we write 

d, : A®" ^ A®" 

for the derivation of A®" which satisfies di{aj) = if i ^ j and di{ai) = {da)i. 



4 



2.3 Infinite symmetric products and symmetric algebras 

For A G CAlg^, let us denote the 5„-invariants of A^+ by Sym" A. This is again in CAlgjy. We have 
(Sym!J: = Sym"(A_|_), where Sym" refers to the usual symmetric power (in either vector spaces or 
unital algebras). The filtration — > C ^ A+ A ^ induces a filtration F' of Sym"^+ with 
Gr^ Sym" A^ = Sym° A if a < n: i.e. there is a natural inclusion of vector spaces Sym" A^ ^ Sym" A^ with 
image F'^ Sym" A+. This is not an algebra map; instead each Sym" A+ is a filtered algebra: F'^ Sym" A+ ■ 
F^ Sym" A+ C Sym" A+. We have an isomorphism of vector spaces 

F" Sym" A+^ Sym'' A. 

0<r<min(o,n) 

Dually, the augmentation map — > ^ — > A+ ^ C — > induces surjective algebra maps 

Pnm ■■ Sym" A+ —>■ Sym" A+, if n > m, 

and Pnm(-F" Sym" A+) = Sym™ A+ if a < m. So Sym" A+ form an inverse system of filtered algebras in 
which each filtered piece eventually stabilises. 

Definition 2.3.1. Let 

Sym°° A+ =■'' F°^ lim Sym" A+ 
be the inverse limit taken in the category of filtered algebras. 

We have F'' Sym°° A+ ^ F*^ Sym" A+ = 0^<^ Sym'' A for any n>k. 

Example 2.3.2. Fix t € C, and take A = C with multiplication a*b = tab. Then on identifying Sym°° A^^ = 
C[x] as vector spaces, above, the coefficient of x"" inx*-- - -^x is t""" times the number of ways of partitioning 
n into a non-empty subsets. For example x*x*x*x = x^ + &tx^ + It^x"^ + t^x. 

Recall that for any vector space the vector space Sym V = ® Sym" V is the free commutative unital 
algebra generated hy V. In particular Sym A is an algebra (non- negatively graded and hence exhaustively 
filtered). 

The natural map A A+ ~ F^ Sym" ^4+ — > Sym" Aj^ lifts to a map A Sym°° A+ , and hence to an 
algebra homomorphism Sym A — > Sym°° , which we denote P. Write P„ : Sym A — *■ Sym" Aj^ for the 
quotient maps. The sequence of ideals ker P„ endow Sym A with a seperated topology. 

Lemma 2.3.3. The morphism 

P:SymA^Sym°° A+ 

is an isomorphism of filtered algebras. 

Proof. To show surjectivity, it suffices to show that Sym" A^ is generated by = F^ Sym" A^. When 
r <n write 

5r ■ A®'' ^ Sym'' A^F'' Sym" A+ 

for the composite of the symmetrisation map ai® ■ ■ ■ ® Or > X^iugs ""'i ® ' ' ' ® '^wr with the inclusion map 
(which is itself a symmetrisation). For r > n put 5r = 0. Then for a & A, 5\{a) = P{a), and the elements 1, 
5r{a\,. . . , ttr) for r > 0, at G A span Sym" A+. We have 

6r{ai, . . . ,ar)P{x) — 6r+i{ai, . . . ,ar,x) + 5r{ai, . . . ,aiX, . . . ,ar). (2.3.1) 

l<i<r 

For example, P{a)P{b) — P{ab) = d2{a,b). From this it is clear that A generates Sym" A+. Injectivity is 
obvious. □ 

Remark 2.3.4. If A G CAlg^, then the isomorphism A-^- = CxA induces an isomorphism of unital algebras 
Sym" A^ = C X A X ■ ■ ■ X Sym" A. This isomorphism is compatible with the projection maps Pnm, but not 
the filtration. 
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2.4 Differential operators 

In this section we define and identify differential operators on the filtered pro-ring Sym A. 

Recall that a pro-object in a category C is a functor from N to C, where N is the category with objects 
{0, 1,2,...} and a single morphism from n to m if n > m. We write {Xn,Pnm '■ ^m) for such a 

pro-object. If (X„), {Yn) are pro-objects, then 

def 

Hompi.o((^„), (1^„)) = limlimHom(X„,i;„). 



Furthermore, if X„ and y„ are filtered pro-objects then we define 

Hom(X„, Ym) = e Hom(X„, F„) | C for all a) 

def 

and put i^' IIompro((^n), iXn)) = hmTO<_ Um^„ Hom(X„, y^). Now define the "filtered" Hom as 

Homp,o((X„), (r„)) t/' y Hompro((X„), {¥„)). 

When each X„ and Yn are exhaustively filtered this is the correct object; in general quotient this by F~°°. 

Recall that if i? is a ring, and M an i?-bimodule, then the differential part of M, denoted Diff ' M = 
UDiff-'Af is defined inductively by Diff-''(Af) = if s < 0, and Diff-'(Af) = {m, e M \ rm - mr € 
BiS"-^ M for all r G i?} if s > 0. We write Diff^(M) if the ring R is not clear from the context. 

For example, if i? € CAlgj/, then Diff Endc(-R) is the ring of differential operators on Specii. When R 
is not noetherian this is too big a ring. 

Now let {An,Pnm) be a commutative pro-ring. Then for n > m Hom(A„, A^) is an ^„-bimodule, and 
we may take its differential part. Suppose that the maps pnm ■ An A^ are surjective. Then for n> m, 
the maps 

Hom(A„, An) -» Ilom.{An, A^,) ^ Hom(A„, Am) 

induce maps 

Diff* Bom{An, An) Diff* Hom(A„, Am) ^ Diff* Hom(A„, Am). 
We have Diff^ Hom(A„, Am) = Difr° Hom(A„, Am) = Am, and so 

Difr°End(limA„) = limA„. 

More generally, 

limlimDiff* Hom(yl„, Am) ^ Diff* End(lim A„), 

but we need not have equality. 
Define 

Diff;,„End((^„)) = limlimDiff^Hom(A„, 

and Diffp„End((A„)) = U, Diff;,„ End((A„)). 

If {AmPnrn) filtered, then the filtration on An induces a filtration on IIom(A„,Am), and thus on 
DiS'^ E.om{An, Am) and DiflFpj.^ End((A„)). As always, we redefine the "filtered" differential operators to be 
the exhaustive part F°° Difl[*,„ End((^„)). 

Now, if {dn : An ^ An,n > 0) is such that dmPnm = Pnmdn when n> m, then d„ defines an element in 
End(lim<_ An). The set of all such elements form a subalgebra. Hence if we define 

Diffp,„End((^„)) =^ {{dn e Dir Hom(A„,A„),n > 0) | dmPnm = PuM C Difr;,„End((A„)) 

then Diffpj.Q End((A„)) is a subalgebra of Diffpj.^ End((yl„)). We have equality for s = 0, but not in general. 
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Example 2.4.1. Diffp,„ End((C[a;]/a;")) = xC[[x]] C C[[a;]] = DifFp^^ End((C[a;]/x")) = Diff^ End(lim^ C[x]/a 

Let A G CAlgjY, and consider the pro-object (Sym" 74+,p„,„). 

Proposition 2.4.2. Let A e CAlg^, and n> m> 1. If d e Diff'' Hom(Sym" Sym™ then there 
exists a unique d G Diff" Hom(Sym™ A^, Sym™ A^) such that d = d o p.,,^^. 

Proof. We induct on s. The case s = is clear. Let d e Diff** Hoin(Sym"' Sym" y4+). We show that 
dSr{ai, . . . , Or) — for all r > m by descending induction on r. (Our notation is that of lemma 1!^. 3. 31 ) For 
r > n this is clear. Apply d to eauation l2.3.1l to get 

dSr{ai, . . . , ar).P{x)+Sr{ai, . . . , ar).dP{x)+d'^dr{ai, . . . , a^) — d6r{ai, . . . , a^x, . . . , ar)+dSr+i{ai, . . . , a^, 

l<i<r 

where d'^ £ DifF"^^ Hom(Sym" A^, Sym™ ^+). By induction on s, d'^ — d'^ °Pnm, and Pnm^ricii, ■ ■ ■ , Or ) = 
for r > n. So d'^6r = 0. Also dSr+i — 0, by induction on r. Now put a; — 1a, to get 

iPilA)-r).dSr{ai,...,ar)^0. 

Hence to finish we need only show that P{1a) — r is not a zero divisor on Sym™ A+ for r > m. But P{Ia) 
acts on (Bi>k Sym* A/ (Bi>k Sym* A = ker(pm ker(pm_fc_2) as multiplication by k, so this is clear. □ 

The above proposition shows that Diffpj.^ Hom((Sym" ) ^ Diff^ Hom(yl-|., In contrast with 

this, Diff^(lim^ Sym" A+,A+) ^ Hom(A, A+) (a much bigger space!). 

Corollary 2.4.3. f)iffp,„ End((Sym" = Diffp,„ End((Sym" v4+)). 

If A e CAlg^ we write Piff Sym^ = i^^^Diffp^ End((Sym" from now on, and refer to these as 
the differential operators on the Fock space Sym A. As we have seen, they depend on the ring structure of 
A. The following sequence of propositions describe Piff SymA. 

Corollary 2.4.4. Let A e CAlg^. i) F' ViS' SymA = Oifl<0. 

a) Let d e F' Diff End(Sym°° A+). Then d e F^ Piff" Sym^ if and only if d5r{ai, . . . , a^) G kerP^_i 
for all r and all Oi € A. 

Proposition 2.4.5. Let A G CAlg^. For all s >0 there is a linear map : Diff Endc(v4) Piff'" Sym A 
which is uniquely characterized by requiring that P^{D)A — P{D{1a)), and for s >0 and all a G A 

[P^{D),P{a)]^P^-\[D,a]). 

In particular, P° = P : A -> Piff° Sym A = Sym A. Furthermore, if D{Ia) = 0, then P''{D) G F° Piff Symv4. 

Proof. Begin by defining, for 1 < i < n, a map Diff' Endc(A) -f Diff Endc(A'»+"), denoted D ^ D„ by 
requiring that 

A(l) - {D{Ia)\, 

where for a G ^, we write for the image of a under the i'th coproduct map A ^4®+"^ and for G 

A(%e) - ajA(e) ifj^i, and D,{a,e) ^ 0,0,(0) + [D,a],ie). 

It is immediate that {J2i Di).{ajQ) — aj{J2i Di){Q) + [D, a]j{Q), and that J2i S'n-invariant. So J2i 
restricts to give an element, call it P^{D), of Diff" Endc(Sym" v4+), which satisfies the properties of the 
proposition. 

It is clear that po = P„ : A ^ Sym"^+, that for n > m, p„™P^(P') = P^iD)pnm, that P%D) G 
pi Diff^,„ End((Sym" A+)) always; and that if D{1a) = 0, then P"(P>) G P" Piff" Sym A. □ 
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If D € Diff^ Endc(A), D' e Diff"' Endc(A) then [D, D'] G DifF"+"'-^ Endc(A) and we have 

[PiD),PiD')]^P[D,D']. 

So P is a map of C-Lie algebras. The enveloping algebra of the source consists of "non-linear differential 
operators" . 

Write Piff Sym" — {d € Diff End Sym" v4_|_ | d{kerpnm) C kerp„m for all m < n}. The natural map 
Pn : 2?iff SymA Piff Sym" admits a section, defined as follows. 

If Z? G Piff Sym" , then composing with the symmetrisation map e = X^^iies "^i S^t a map, 
also denoted D, ^ (yi®+")S„ ^ ^®+n^ ^g.^^ if r > n, and / C {1, . . . , r} is a subset 

such that #/ n, let 1)/ : be the map which is 1) ® Id, D in the /'th places. Finally, put 

Tn{D)r ~ X)/ sum is over subsets / C {1, . . . , r} of size n. 

It is immediate that r„(_D) invariant differential operator; that Tn{D)„ = D, and that 

Prk^n{D)r ~ ^n{D)r for all r > fc > 71. Hcncc we have defined an injection 

r„ : Piff Sym" A+ Piff SymA, 

such that p„r„ = Id\ in particular p„ is surjective. Note that r„ is not an algebra homomorphism, and that 
the image of r„ is in F" 2?iff Sym A. 

Proposition 2.4.6. // Z) G F*" 2?iff * Sym A, then D = Vr+s+iPr+s+i{D). In particular, 

Piff Sym A = hm Diff Sym" A+. 

— *n 

Proof. A differential operator of order s is determined by its values on products of < s elements. As SymA 
is generated by F^SymA = A, an element d G PiffSymA is determined by its values on F'^SymA. If 
d G F'' 2?iff" SymA, then d(F" SymA) C F''+'* SymA. Hence if d, d' G F'' Piff^ SymA induce the same map 
on Piff Sym'^^'*^^ A+ then d = d'. Taking d' — Trs+iPrs+i{d) wc get the proposition. □ 

To finish the description of PiffSymA, we need only describe X'iffSym"A+. If A G CAlg^, then as 
Sym"A+ = ®o<j<nSym*A, Piff Sym" A+ = ®o<i<n Diff End Sym* A. Hence DiffEndSym"A embdeds 
into Piff Sym" A+ . Write f „ : Diff End Sym" A Piff Sym A for the composite of r„ with the embedding. 
For example Fi = F is the map defined in proposition 12. 4. SI 

Corollary 2.4.7. Let A G CAlgj^. There is an isomorphism of vector spaces 

©n>ofn : ©n>o Diff" End Sym" A ^ Piff" SymA. 

2.5 Frobenius algebras 

A non-unital Frobenius algebra H is an algebra H G CAlgjy equipped with a map A : H H H such that 
A is an iZ-bimodule map: A{ahb) = aA{h)b. If iZ G CAlg^, then A is determined by A{1h) and we call H 
a weak Frobenius algebra. If in addition A has a counit e : H C such that e®/c?oA = /d®eoA = Id, 
then H is a. Frobenius algebra in the usual sense. 

We assume in the above definitions that all maps arc even. 

If iZ is a weak Frobenius algebra, the element e = mA(l/f ) E H is called the Euler class of H; here 
m : H ® H —t H denotes the multiplication map. So if A(l/f ) = Oj ® bj, e ~ 

2.6 Relative differential operators 

The following definition is somewhat ad hoc, but will do for our purposes. 

Suppose A = H (g) R = Hn, where iJ is a weak Frobenius algebra, and F is a localisation of C[a::]. (We 
will only use C[a;] or C[a;,a;~"'^] below). Let n > 1, and (Sdisc = ni<j(^i ~ ^j) ^ F*^" be the discriminant. 
Write A = A{Ih). 
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Now define the relative differential operators 

A; 



Diffjj EndSyni"iffl = \d € Diff Endg^n [ | i < j]) dSym^ Hr C Sym"ilfl| 



where EndjLf«n refers to i7®"-hnear endomorphisms, and iJ^" [ x ■ -x ■ I ^ ^ ^-'^^ subring of the locahsation 
HT\t^] generated by ijf " and the elements 

Clearly this is an algebra; if iJ = C and A 7^ it is just Diff End Sym" R. This construction works 
whether we intepret Hr to be in (CAlgjy, 0) or (CAlgj^, (8>+); hence repeating the discussion of the previous 
section we can define 

ViSh Sym Hr = F°°DiffH,pro((EndSyni"(iffl)+)) 
^ ef„ Diffff End Sym" Hr. 

2.7 Twisting 

For u e A, define an algebra endomorphism 

■ SjmA SymA 

by P{a) H-» P[ua) if a e ^. For simplicity we assume throughout that u is even. We have ^u^v = ^uv, for 
u,ti e ^, so if u e then = 

Lemma 2.7.1. l^e /laue $„(F'' Sym°° A+) C i^'' Sym°° A+. More precisely, 

$ti(5r(ai, • • • , Or) = 5r(waij • • • , uOr) + • • • + P{hr{u).ai . . . Or) £ Sym°° A^, 

where hr{u) = u{u — 1) ... (u — r). 

It follows that for u ^ Z, $„(kerP„) ^ kerP„, and moreover that is not continuous. (It is continuous 
if for all m > 1, there exists an n > m such that $„(kerP„) C kerP^). 

We have Diff° SymA $-1 = Diff° Symyl = Sym A. If 9 G Der(A, A), then 

[<f>.P(5)$;\ P(a)] = P{da + • a), 

so that if d{u) = 0, then $„P(S)$-i = P(9). Hence if di e Der(A, A) and diU = for i = 1, 2, 

[^uP{did2)^Z\P{a)] = P{did2{a)+u-^di{a).d2+u-^di.d2{a)), 
so that ^uP{did2)^Z^ is not in P(DiflF* End A) or in ViS^ Sym A. 

Lemma 2.7.2. i) Suppose e € H is nilpotent. Then the map u — eu~^ defines a surjection . 

ii)(The splitting principle.) Suppose K £ H is given. Then there is a Frobenius algebra H containing H 
as an index 2 subalgebra, and an element u £ H such that v? — Ku — e = in H. 

Proof, i) As e is nilpotent, K = u{l — eu~^) is invertible. Conversely, suppose K e . Then take 



ii) Define H = H[u]/u'^ -Ku-e. □ 
We do not use part (ii) of the lemma. 

Define a degeneration direction to be a pair of maps C —>■ H, H , denoted A Kx. A ux such 

that for each A 7^ 0, ua is invertible and ma — ^u^^ — Kx- Write K ~ Kq. For example, if e is nilpotent 

and K G H, then (A + K, ^Kx{l + ^{l + is a degeneration direction; if e-^ = = eK, this is just 

{\ + K,\ + K+j^). 
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Definition 2.7.3. Let {K\,u\) be a degeneration direction. Define 

ViShm Syia Hr = lim ViSn SymHn 

A — >0 

The notation is abusive; it omits the choice of degeneration direction. Note that the hmit exists as a 
subalgebra of Diff End Sym fl" for general reasons, but that these general reasons give little control over the 
resulting algebra. 

2.8 Locality 

Let Va C Diff End(A) be a subalgebra of differential operators on A such that A C Da- 

Definition 2.8.1. Let B C Va- An algebra E C T^a is said to be local with respect to B, if 

[B,E]^0 and [E, A] C (A, B) ■ E. 

Suppose also that [B, B] = 0, so that B C Z-pAB)- If E is such that [B, E] = 0, then [E, A] C {A, B) E 
^ [E, A]cE {A, B) ^ E {A, B) = {A,B)E ^ E {A, B) is a subalgebra of Va- 

If E' and E" are local with respect to B then so is {E',E"). Hence there is a maximal algebra local 
with respect to B, which we denote Locd^(-B). So B C Locx)^(i3) C Zx>j^{B). If (A, Locp^ (i?)} — Va, then 
Locp^(B) = Zi,,(B). 

Loc(B) is filtered. For any X C Diff End(A) write X" = X r\ Diff" End(A). Then Loc(S)-i = 0, and 
Loc(B)" = {d^V\ \ [d, B]=Q and [d, A] C Y.o<^<s-l B)' Loc(B)"-i-*}. 

We will apply these notions to ViSh.k SymHfj and Diff End JF. 

3 The Calogero- Sutherland system 

In this section wc define a generalized Calogero-Sutherland type Hamiltonian £, which will turn out to 
be integrable. This is a second order differential operator acting on the Fock space Sym a; -//[a:], where H 
is a Frobenius algebra. In section we will take H to be the cohomology of a smooth surface, and then 
the integrals of motion for this Hamiltonian we will be precisely the operations of multiplication on the 
individual Hilbcrt schemes. In the next section we describe the integrals of motion for arbitrary H in terms 
of a Cherednik Hecke algebra. 

Let iJ be a vector space, F = C[a;,x~'^] and write Hr = iJ F = H[x,x~^]. Write d ~ dx — x-^, an 
Jf- linear derivation of -ffr- 

Define the Fock space J^{H) to be 

T{H) = Sym H[x]/H. SymH[xl 

so that ^{H) is a subquotient of SymiJr which is isomorphic to Syu\xH[x\ as a vector space. 

Now suppose that H G CAlg is an algebra. Then we define first order differential operators P{hx"'d) e 
2?iff^ Symi?r C Diff^ EndSymiJr for each hx'' G -ffr as in 12. 4. 51 i.e. by requiring that 

[P{hx''d),P{h'x")] = nP{hh'x''+''), P{hx''d)A = 0. 

It is clear that for a > these operators descend to give differential operators on J-{H). The operator P{d) 
is called the energy operator, and its eigenspaces the energy weight spaces. If H is finite dimensional then 
the eigenspaces of P{d) on J-{H) are finite dimensional; those on Sym Hy are not. 
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Further suppose H G CAlg^ is a weak Frobenius algebra, so A = A{1h) G H®H. Write A = aj(^bj, 
e — J2j o-jbj G H and define A* : Hr — > Sym Hr by 

A^P{hx") = P{ajhx'^)P{bjx"-''), 

j\rel(n) 

where I{n) = {1, . . . , n} if n > 0, and I{n) = {n, . . . , -1} if n < -1. Notice that A,P(/ix") e |n|.P(e/ia;") + 
ker Pi . 

Let K € H. Then we define a second order differential operator £ = £{H, K) e Difl^ End Sym Hv by 
requiring that £.1 = and 

[£, P(/ia;")] = 2nP(/ix"a) + n^P{Khx'') + |n| A*P(/ix") 

Again, it is clear that this descends to give a differential operator on !F{H), the Calogero-Sutherland operator. 
We retain this notation for the action of these operators on any invariant subquotient of Sym Hr ■ 

Proposition 3.0.2. Write H^^ = iJ®^[a;^^, y*^], and let u G be any even invertible element. Then in 
the notation of section \2.'I\ 

Z{H,u- eu-^) - (f,{ud^) + f2(^u-iA(a, - dy))) $-1. 

v X ~ y / 

In particular, £,{H,K) G P^ Piff^ Sym _ffr for all degeneration directions {K\,u\). 
Proof. Write £' = $.-i£(P,u - eu-i)$„, and 

£" - fi(wa2) + f2(^u-iA(a, - dy)). 

x-y 

We must show that £' = £". This is straightforward from the definitions. Begin by observing 
[£", P(/ia;")] = n'^P{uhx'^) + 2nP{uhx''d) + n ^ /t.^ri A, /' ^ (x^ - a:^") 

= n2p(M/ix") + 2nP(u/ia;"9) + |n| ^ /liuri Ay<a;"~'' - ^ /liW-^e.a;^ 

i,j:rel{n) i 

= 2nP{uhx''d) + n^P{{u ~ eu-^ jhx") + \n\A,P{u-^hx'^). 

But we also have 

[£', P{hx'')] = 2nP{uhx'^d) + n^P{{u - eu-^)hx'') + \n\A^P{u-^hx''). 

As £'1 = £"1 = 0, we have £' = £". Finally, observe that as we have equality on the subset C H, 
it must be that the <i>„£"$~^ depends only on u — eu^^. Hence for any degeneration direction {Kx, u\) its 
limit is just £,{H, K) G P^ Diff^. 

□ 

Remark 3.0.3. An easy direct computation shows that £'.(P(/ix")P(/i'x™) — P(/i/i'a;"+™)) G ker Pi if and 
only if u~ u^^e = K. Hence £ = £(iJ, A') G Piff^ Symi/r '^Z^ if and only if u - u^^e = K. 

Define IM.K to be the centralizer in V\Eh.k SymiJr of both £,{H,K) and P(9), 

IMk = Zvif{„,^Syn.Hr{i^{H, K),P{d)) 

if K — u — eu^^ for some invertible e, and in general let 2A4k = 1™a^o 2^.^tj^_e„-i for a choice of 
degeneration direction {K\, ux). As defined IMk seems to depend on the choice of degeneration direction. 
The notation is acceptable, because of the following theorem, which will be proved in section 0] and in 
theorem 15.0.51 
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Theorem 3.0.4. i) The algebras XA4k depend only on K, as algebras, subalgebras 0/ End Sym iJp ; and 

pro- finitely generated algebras. 

a) XM.K forms a flat family of algebras as K varies. 
Hi) XMk is commutative. 

4 Hecke algebras 

In this section we define a variant of tlie Dunkl-Cherednik operators. These operators act on i/j?", where 
-ff is a weak Frobenius algebra. As in the usual case these operators commute, and together with the group 
algebra C5„ form a generalization of the degenerate affine Hecke algebra of type An,. The algebra obtained 
by including the operations of multiplication by elements of i?®" also closes; this is a generalization of the 
Cherednik degenerate double affine Hecke algebra. 

Our exposition follows closely ^Jj (which considers the rational case) . See also EO . When iJ = C G 
CAlg^;, the results in sections l4 . 1H4 . 31 are contained in these papers. 

In sections [4.1H4.3I all constructions work in either of the categories (CAlg(j,(g)) or (CAlgjY,®+). In 
section we must specialise to the non-unital case in order to get augmentation maps. 

4.1 Notation 

Let A e CAlg ( = (CAlgy, ®) or (CAlg^, (g)+)), and d G Der(^, A). If / = (^i, . . . , Z„) G Z", write 

a, =^Z,a, eDer(^®",^®"). 

i 

We have di+v = di + df . 

Equip Z" with the inner product {1,1') = 'EhK, and let $ = e Z" | (1,1) = 2} = {e, - \ i ^ j}, 
where Si — (0, . . . , 0, 1, 0, . . . , 0). Write a > to mean a — Ei — Sj E ^ with i < j. 
If a = — Ej define 

Tij = : Z" — !■ Z", I I — {a, l)a 

to be the associated reflection, so that the group generated by the relections with a G $ is just S'„. 
Observe that Sn acts on A®"-, and that for d G T)cy{A,A), 

4.2 Dunkl-Cherednik operators 

We now fix A to be Hr = H (g) C[x,x^^] where H G CAlg^. The results in this section make sense if we 
consider Hr to be in cither (CAlg^;, ®) or (CAlg^, (81+). Our notation is such that i/j?" is generated by the 
elements {hx°-)i = hiX^, with 1 < z < n, /i G if, a G Z. Further suppose that H is & weak Frobenius algebra, 
and let A = A(l/f) E H ® H. Finally, fix the iJ-linear derivation d = x^ G Der(iJr, ^^r)- 
We write for a = — £j G e" — Xixj^, and = A^ G H^"", and define 

V„ = V,, : fff " ^ i/®" by V,, = —L_A,, (1 - r^). 

1 XiXj 

As TijAij — Aji — A-ij and Aij{hi ~ hj) — 0, we have 

V.J {{hx'')^ ih'x'')j) = {hh'),A,,^^^^^^^—^, and 

V,, {{hx'')k 9) = {hx'')k V,,(e) if e G i/^ and k ^ 
For u E H, write {uV)ij = UiVij = UjVij. Finally, let p{u) — i J2a>o('^^)aCf 
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Definition 4.2.1. Let I G Z", u G . The Dunkl-Cherednik operator with parameter u is defined to be 
VI = Viiu) = di + Y.{a, l){u-'V)a. - {p{u-'),l) : Hf^^ ^ Hf'\ 

We write yi instead of j/^^. Define an action of Sn on the Dunkl operators by '^yi = y^i. 

Proposition 4.2.2. i) [yuyv] = if I, V G Z". 

a) For f{y) G C[yi, . . . , y„], and a = Si - et+i, 

f-To. - r^r-f = {u'^^)^ J_::L 

Ui - Vi+i 

as operators from H®"' to ®" . 

The most straightforward proof is by direct computation. We recall some of the main steps. 
Lemma 4.2.3. 

1 — e " 

ii) [yuyi']^ E ((a,0(/3,O-(a,O(/3,0)(^"'V)„(u-iV)^. 

Explanding out Vq,V/3 this reduces the problem to checking it in the rank two root systems. Arguing as 
in ^T] 2.2, the proposition reduces to the identity 

-(1 - z) + (1 - w) / + (1 - wz) = 0, 
1 — z ^ 

which we apply with z = Xi/xj, w = Xj/x^ and i, j, k all distinct. We omit further details. 

The proposition can rephrased: Define the Cherednik algebra (or degenerate double affine Hecke algebra) 
to be the vector space 

H„ -ff®"®C5„®C[yi,...,?/„] 

with the unique algebra structure that makes it a subalgebra of Endc(i?i?") by which yi act as Dunkl 
operators, Sn act as permutations, and iJ®" acts by multiplication. Namely, we require that C[yi, . . . ,yn], 
CSn and 7?®" are subalgebras, and that the relations of l4.2.2r ii'l hold, and that [yi, 8] = y;(0), Qw = w ^'Q 
for 9 G H^", I & Z"^, w e Sn- (For this to make sense, always regard CSn and C[yi, . . . ,y„] as unital 
algebras when taking tensor product with 7?®"). 

Notice that CSn<E)H[y]'^'^ forms a subalgebra of Hn- This algebra has the same relation to the "degenerate 
affine Hecke" algebra of Drinfeld and Lusztig that Tin has to the usual Cherednik algebra. 

4.3 Properties 

A direct computation shows 
Lemma 4.3.1. 

l<.i<n l<i<n 
l<i<n l<i<n a>0 

where S(Sym" Hy) = 0. 
More generally we have 
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Lemma 4.3.2. The action of H[y\®^ on iJj?" restricts to an action o/ Sym" on Sym"iJr- Further- 
more, this action is by differential operators which preserve the energy weight spaces, and Sym"i?[y] C 
Diffff EndSym^Fr- 

Proof. Bv 14.2. 2r ii). if / G Sym" H[y] then wf = fw for all w e Sn, so f preserves Sym" Hp. To show this 
action is by differential operators, it suffices to show that Hly]^"^ is in Diffgym" ffr Hom(Sym" iJr, -ffr"")- 
But (hy), = {hud)^ S Diff^ Hom(Sym" Hp, i?® ") and these elements generate This suffices, as 

it is immediate from the definition of Diff ^ M that if Di,D2 £ End(7J^") are such that they restrict to 
differential operators A e Diff"' Hom(Sym" Hr, i/j?") then D1D2 G Diff"i+"^ Hom(Sym" Hr, H^"). □ 

We can rephrase the lemma: Write C[j/i, . . . , yn\<s for polynomials in y of total degree less than s; the 
degree of each yi is 1. 

Corollary 4.3.3. The Sym" Hr- differential part ofHn is all of Tin- Moreover, this is a filtration of algebras: 
Diff^ H„. Diff-' C Diff^+J' with Diff^y„„_y^ H„ = i?^" C5„ ® C[yi, . . . , y^Us- 
Finally, write pi for the image of yi in Gr7i„- Then we have an algebra isomorphism 

GrUn = {H®C[x,x'\p\f4^CSn, 

where Sn acts on the n-fold tensor power in the obvious way. 

Write P : SymHr (g) Sym H[y] -> Diff End Sym" Hr for the map f{x) (g, g{y) ^ Ei<i<„ f{xi)g{yi). This 
notation is compatible with all previous maps called P. 

So lemma lOTT i) shows P(y) = P{d), [P{hx''y), P{h' x""')] = mP{hh' x''+"^) and lOTT ii) says 

p{y^) - {p,p) = r,{d') + r^i^u-'Aid, - dy)). 

X y 

Recall this means 

[P{y^),P{hx"')] = m'Pihx"') + 2mP{hx"'y) + m ^ fe^M"' A, /' ^ (x^ - xj). (4.3.1) 

i<j ■' 

Let e = X^ujes ''^ tie the projector onto the trivial representation of Sn, and eH„e be the spherical 
Cherednik algebra. We regard Sym" and Sym" H\y\ as subalgebras of e?i„e via the maps / /e. eHne 
inherits the filtration by order of differential operator from Ti.. (This is the filtration induced by regarding 
it as a subalgebra of the differential part of End Sym" Hr.) Then coroUarv 14 . 3 . 31 implies 

Gre7i„e = Sym" H[x, x~^,p], 

and the proof of lemma 14. 3. 21 shows that Gre7i„e is isomorphic to (Gr Diff End i?®")'^" as Poisson algebras. 
In other words the symbol of P{hx"^y^) is the symbol of P(/ix™3^), and hence 

{P(/ia;V), P(a:y )} = -{ad - 6c)P(/ia;"+y+'^-i). (4.3.2) 

Let CS C Diff End Sym" iJr be the subspace spanned by Piy"^) and P{hy), for h G H, and set CS = 
(Sym" Hr,CS) C Diff End Sym" Hr. As the third term of lOTl is clearly in Sym" Hr, we have P(/ix"?/) G CS 
for all m <E 1^, h <E H . In fact: 

Proposition 4.3.4. CS = (Sym" Hr, Sym" H[y]) ^ e7?„e. 

Proof. It suffices to show that GrC5 is Gr e7i„e. As GrC5 is a Poisson subalgebra of Sym" x^^jp] which 
contains P{hx™p) and P{hx"^) for all m G Z, G H , it suffices to show that these generate Sym" H[x, x^"^ ,p\ 
as a Poisson algebra. But 14.3.21 implies P{hx°-p^) is in GrC5 for all a, b, and lemma [2.3.3l then shows that 
the commutative algebra generated by this is all of Sym" H[x, x~^,p]. □ 
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Variant: All the above is still true if we take CS to be the subspace spanned by P{y) and P{hy'^), for 
heH. 

Note that the inclusions (DiffEndiJ^")^" C Diff EndSym" Hr, eUne C Diff^ EndSym" Hr are proper 
(for example, the latter contains the Opdam shift operators). 

Proposition 4.3.5. The algebra of operators local with respect to CS is Sym" II\y\. Moreover 

ZbiSh End Sym" Hr {CS) = Sym" H[y] . 

Proof. Let R = Diff Endjj®. so Gri? = We first show that the Poisson 

centralizer in Gr i? of is Hp "[pi, . . . ,p„]. Suppose s € Gr R, and {J2ph ^} — ^- Write s = a{x,p)/b{x), 
where b{x) = Yl^^ji^ — XiXj^)"^^\ a{x) G Hr\p]®"', and a{x,p) and b{x) have no common divisor. Then 

^= {IZp?'-^} =b~'^(b^pidia- a'^pidiby 

Now, for 7 e Gri?, d^{-/) = for all i if and only if 7 e (i/rW)®"- 

Hence if dib = for all i, wc get ^Pi{dia) — 0, so dia = for all i, and a{x,p) S (i/r[p])®" as claimed. 
Suppose there is an i with dib ^ 0. Then b divides aJ^pAb, whence (as a and b have no common factor) b 
divides dib. This holds even though ff®" is not a UFD, as b, Y^Prdrb e C[a;±\p]®". 

But for any Z e Z", 

Q>0 Q>0 

SO that if mij ^0, (1 — a;i.Tj^)™*^ does not divide dib: a contradiction. 

Now let D G Diff 1^ End Sym" i/r and suppose [CS,D] = 0. Then {Y.pi.cfD} = 0, where aD is the 
image of D in Gri?. Hence aD — a{p) e _ffr[p]®". As D preserves Sym"i7r, WD,-} does also, and so 
a{p) e Sym"iJrb]. It follows that D - a{y) G Diff ^ End Sym" i/r and [CS,D - a{y)] = 0. Hence the 
centralizer of C5 is Sym" if [y]. Finally, just observe that the previous proposition implies that Sym"i?[y] 
is local with respect to CS. □ 

4.4 Stabilisation 

Let CS be the subspace of SymiJ[y] spanned by P{y^) and P{hy), for h € H. The results of the previous 
sections define a map 

P : Sym H[y] = Sym°° H[y]+ ^ T^iff SymFr, 

and show 

ZvitfSymHriCS) = Sym if [y] = LoCx)iffSymffr(C5). 

(To see this, observe that to get stabilisation maps we must work in the category CAlgj^ of non-unital 
algebras. Equivalently, we use the functor _|_ to translate this back into the world of augmented unital 
algebras.) 

Now take the Dunkl-Cherednik operators with parameter u^, i.e. j/j = yi{u'^), to get a description of the 
Calogero-Sutherland operator in terms of the Dunkl-Cherednik operators: 

$-1 £{H, u - eu-^) = P(V) _ (p(y2)^ -(^2)^ 

Note that this makes sense: (p(w), p{u)) = 2u'^{Y,i^j ^Ij + Hi<j<k ^ij^jk) G Sym fir- 
We summarize the conclusions of the previous section: 

Corollary 4.4.1. Fix u € , and put K = u — eu~^. Then 

IMk = ZTyiS^ ,,SymHr{^,P{d)) = LoCpiff^,^ gym Hr P{d)) = Sym ^[^/(u^)]^-! . 

Moreover IM.K C LocoiffEndJF (ii,P(9)), and GvIA4k = SymH[p]. 
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Notice that IM^, defined as operators on Symffri preserves T. 

Proof. A variant of proposition 14.3.41 shows 2A4k is local in DifFEndJT. To see GiT/Ak — Sym H[p], 
observe Gi H[y{u'^)] = Sym H[p], and <i>„ Sym H[p] <i>~^ = Sym H[p]. The rest has been proved. 

□ 

Now let {Kx,u\) be a degeneration direction. 

Corollary 4.4.2. Let JMk - hniA^o SymH[y{ul)]^~^ . Then IMk C Locpig^^ sym Hr (^,^'(3)), 
and IMk ^ LocDiff End (-C, P{d)) . 

5 CS-locality on the Fock space T 

The definition of locality with respect to £ (section I2.8|l encodes the notion of differential operators which 
can be built out of functions and £. In this section we show that the symbols of local operators on !F are 
contained in Sym H[p\; then we show that the Hecke algebra construction produces enough (all) the local 
operators. 

We retain the notation of the previous sections, so H denotes a weak Frobenius algebra, K G H, 
T = T{H) = Sy mH[x ]/HSymH[x], andwesetC^^ = {^,P{hd) \ h e H),CSk = (J'^CSk) = {P{x),CSk) 
(see proposition 14 . 3 . 4(1 . 

Filter Diff End T by order of differential operator, so that Gr Diff End !F is a Poisson algebra with bracket 
denoted { , } , and Gr° Diff End T — T . Note that Gr* Diff End T is of uncountable dimension for i > 0. Write 
Pihx'^p"') for the symbol of P{hx''d"'). 

Observe that Gr CiS/^ = {P{x),P{hp),P{p^) \ h £ H) D SymxH[x]. This implies part (h) of the following 
lemma; part (i) is immediate from the definitions. 

Lemma 5.0.3. t) If s € Gr" Diff End J^, and {s,P(/ix™)} = for allhe H,m> 0, then s e T. 
If in addition {s, P{p)} = then s — 0. If n ^ 0, then s — 0. 

a) Ifs,s' e Gr"Diff EndJ^, and {s-s',P{x)} = {s-s',P{hp)} = {s-s',P{p^)} = 0, then s = s'. 
Proposition 5.0.4. Gr Locoifi Enrfj^(CiS/f ) C Sym_ff[p]. 
Proof. Inductively define L" C Gr" Diff End by setting L^^ = 0, and 

i" = {s e Gr" Diff End | {s,P{p^)} = {s,P{p)} = 0, and {s,P{x)} <E ®^Gr''CSK■L"~''^}■ 

Obviously GrLocDiff £;ridjc(CiS_ff ) C L, so it suffices to show that if C Sym_ff[p], then L''+^ C Sym_ff[p]. 

Write Gr'^CiS[a] for the eigenspace of {P{p), ■} with eigenvalue a; for example Gr'^C5[l] is spanned by 
monomials P{hxp^)P{hip'^^ )... Pikkp""-" ) with N + ^2^1 = r. 

If s e L''+^, then {s, P{x)} £ Gr"" CS as C Gr*^ CS by inductive assumption. Moreover, as {s, P{p)} = 

0, {s,P(x)} G Gr''C5[l]. As 

{■,P{x)} : Gr''+iSymi?[c»] ^ Gr'' CS[1] 

is surjective, there exists a G Gr*"^^ Symi7[9] = {SymH[p\Y'^^ with {s — 0, P(a;)} = 0. Clearly {s — 
<j), P{p)} — {s — (j), P{p^)} = 0. The previous lemma implies s — (p. □ 

Theorem 5.0.5. IMk = ^o^y^iS Endj^iCSK) ■ In particular, IA4k is independent of the choice of degener- 
ation direction. Moreover Gr IMk — Sym H[p\. 

Proof. CoroUarv 14.4.21 shows that 

IMk ^ ^OCBiSEndJ^iCSK). 

But the previous proposition states 

GrLocuiB Endj^iCSK) C Sym H\p], 
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so GtTA4k C H\p]. As the degree of a differential operator can only decrease when we degenerate, 
dimZA^/j--* > dim2rA4„_g„-i — dimff[p]-*, where X-^ denotes differential operators of degree < s. 
Hence we have GtTA4k = H[p], and the inclusions above are equalities. 

□ 

6 Hilbert schemes of points on surfaces. 

Let X be a smooth, connected projective surface over C. We recall the basic results about the geometry and 
cohomology of the Hilbert scheme of points on X. 

Definition 6.0.6. Denote by Hilb"(X) the moduli space of zero- dimensional subschemes Z d X satisfying 

dim H°{Oz) = n 

Hilb"(X) is a projective variety if X is. What is special about the geometry of Hilbert schemes of points 
on surfaces are the following theorems: 

Theorem 6.0.7 (Fogarty [7 ). Hilb"(X) is a smooth, connected, irreducible, projective variety. 
Let S'^X the symmetric product X^'-fSn- There is a natural Hilbcrt-Chow map 

Hilb"(X) S"X 

which sends a subscheme Z C X to it's support, counted with multiplicity. This map is a resolution of 
singularities; its main property is: 

Theorem 6.0.8 (Briancon, Ifx £ X, the fiber of the Hilbert-Chow morphism overnx is an irreducible 
variety of dimension n — 1. 

Both these theorems are false if dimX > 2. 

Since Hilb"(X) represents a functor, there is a universal family of subschemes 

S„ C X X Hilb"(X) 

flat and finite over Hilb"(X), of degree n. For each vector bundle V on X, S„ induces the tautological vector 
bundle 

on Hilb"(X), with rank\/["l = niankV. 

6.1 Fock space structure on the Hilbert scheme 

We recall certain algebraic structures on the cohomology of the Hilbert schemes induced from correspon- 
dences. Let 

J^ = 0iJXHilb"(X),C). 

This is a super vector space, graded by cohomology degree. It is also graded by length of subscheme: set 
.T-"" ~ ©ii/*(Hilb"(X), C). The bilinear form on 7J*(Hilb"(X)) induces a non-degenerate, super-symmetric 
bilinear form on J-. 
Define 

K,m™ C Hilb"(X) X Hilb'"(X) X Hilb"+"'(X) 
to be the closure of the locus of triples (a, b, c) of subschemes of X, satisfying: 

aUb = a 
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Since E^\^ is a closed subscheme, it has a fundamental class 

e iJ*(Hiib"(x),c) ® H*{m\h"\x)X) ® i?*(Hiib"+"(x),c) 

Pulling back, intersecting with pushing forward induces maps 

m : iJ*(Hilb"(X),C) (8)iJ*(Hilb"(X),C) ^ i7*(Hilb"+"(X), C) 

c : i?*(Hilb"+"(X),C) ^ i7*(Hilb"(X),C) ® i7*(Hilb™(X),C) 



Putting all these together, we get maps 



These maps are adjoint : 



ra: T ® T ^ T 

c -.T ^T®T 



Theorem 6.1.1 (Grojnowski |10|). m and c give T the structure of a commutative, cocommutative graded 
Hopf algebra, in the super sense. The unit is given by the identity in the ring _ff*(Hilb*'(X), C) ^ C. 

An equivalent formulation was obtained in |19j , which describes the structure of .F as a module over the 
Heisenberg algebra. 

A commutative, cocommutative graded Hopf algebra is naturally isomorphic to the free commutative 
algebra on the space of primitive elements, 

Prim„ = {a e \ c{a) = a®l + l®a} 

One can identify Prim„ explicitly as the image of a map induced from a certain correspondence. Let 

ZnCX X Hilb"(X) 

be the locus of pairs {x, a) satisfying 

Supp a — nx 

Zn is a closed subscheme, and so induces a linear map 

[Zn] ■■ H*{X,C) iJ*(Hilb"(X),C) = 

One can show that this map is of cohomology degree 2n — 2. Geometrically, this map takes a cycle A C X 
to the cycle in Hilb"(X), consisting of those subschemes a which are supported on exactly one point, which 
lies in A. 

Theorem 6.1.2 (Grojnowski flOj . Nakajima [19^). [Zn] induces an isomorphism 

ff*(X,C) ^Prim„(^) 
and hence a canonical isomorphism of graded Hopf algebras 

T = T{H* {X, C)) = Sym* [H* {X, C) ® x<C[x\) 

In this isomorphism x is given degree 1, so this identifies with the energy weight space of weight n. 

If we take X smooth, but not necessarily projective, we still have a canonical identification J- = 
!F{H* {X,C)). However, now this isomorphism is only as graded coalgebras. Dually, if we intepret H*{,C) 
as compactly supported cohomology, we again have such an isomorphism; but now it is of graded algebras. 
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6.2 Lehn's theorem 

Cup product on i7*(Hilb"(X), C) = T"^ induces a ring structure 

★ : Jf"" J^" ^ T''\ 

This is distinct from the Fock space structure induced by correspondances. We would hke to describe it. 

Let T|- be the cotangent bundle of X, and T^'"' be the associated tautological bundle on Hilb"(X), a 
bundle of rank 2n. Write H = H*{X,C), and K = ci(T^) for the canonical class. H is a weak Frobenius 
algebra; if X is projective it is even a Frobenius algebra. Note moreover that e = C2(T^), and so an element 
u such that — Ku — e = is precisely a Chern root of TJ^. We define the Calogero-Sutherland operator 
£,{H,K) £ End^. The main result of ^2 is the computation of cup product with the boundary of the 
Hilbert scheme in terms of the Fock space coordinates of JTO', TP : 

Theorem 6.2.1 (Lehn [12]). The linear map T ^ J- defined on as 

X t-^ ci (T^^"' ) ★ X 

is the Calogero-Sutherland operator £,(H, K). 
This is theorems 3.10 and 4.2 of (T^. 

The following theorem is due to Lehn jj^l for the subalgebra H*i^{X, C) C H*{X, C) of algebraic coho- 
mology, and was extended to all of H*(X, C) by Li, Qin and Wang (15, J^. Define CSk — (£, P{hd) \ h G H). 

Theorem 6.2.2. There are linear maps 

£i : H*{X, C) DifP+^ End 

for i > 0, such that *ti{h) preserves each suhspace Tn, and which satisfy 

[£i(/i),£] = 0, €i(/i)(l) = 0, and [<fi{h),P{h'x)] = (Ad £)'(P(M'a;)). 

Write P'**'^ for the subalgebra o/Diff EndJ^ generated by <ii(h) forheH,i> 0. Then CSk ^ V^^^^ , and 
the image ofT>'"^^ in End^" coincides with the algebra of left multiplication operators, i.e. the image of the 
natural map H{X,C) End.F"', a i— > a*. 

7 Hecke algebras and Hilbert schemes 

We now apply the results of sections 2-5 in the context of section IHl This gives a description of the ring 
structure on iJ*(Hilb"'(X), C) in the Fock space coordinates. In particular, this gives an explicit algebraic 
construction of the ring 2?^''''^ and shows it depends only on the weak Frobenius algebra H = H{X, C) and 
the class K G H. 

Theorem 7.0.3. Let X be a .smooth algebraic surface, H = H{X,C) its cohomology ring. Identify " ^ 
iy*(Hilb"(X), C) as above. LetXAiR be the integrals of motion; recall that this is independent of the choice 
of degeneration direction. 
Then 

i) V^''''' ^LocDiSEndACSK), and 

ii) LocBis E7idj=-{CSK) =TMk. 

In particular, the image of TM.k in End J-"" coincides with the algebra of left multiplication operators, 
i.e. the image of the natural map H(X,C) FindJ-", a t-^ a*. 
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Proof. We have already proved (ii) holds for any weak Frobenius algebra H, and K € H as theorem I5.U. 51 
We prove (i). 

By theorem WT^ CSk Q T)^'"" C ZuiSEndACSx), and [(£,(/i), P(x)] e {CSk.T). Moreover, as 
[[£,P(a;)],P(/ix")] = 27iP(/ix"+i), {CSk,T) = {CSk,P{x)). Hence V^'^^ .{CSk,J^) is a subalgebra, and 
so P''*'^ C Loc(C5k). 

Let us compute the symbol s of €i{h). The conditions in theorem 16 . 2 . 21 give 

{s,P{h'x)} = AdP{p^yP{hh'x) = TPihh'xp'), 

and {s,P(/i'p)} = {s,P(/iy)} = 0. By lemma l^nf i). s ^ -^P{hp'+^). 

So GrP'""' = Symi/[p]. But GrLoc(C5K) C Symi/[p], bv lFUl We must have equality. □ 

Remark 7.0.4. The algebra Sym_ff[p] is Poisson self-centralising in Gr DifF End JF; it follows that p''*"' is 
also the algebra of all differential operators on T which preserve each T"^ , and whose restriction to each 
is cup product with some class. (As this algebra is obviously commutative, and contains {^i).) 

In this paper we have set up a formalism precisely linking the combinatorics of intersection theory on the 
Hilbert scheme with integrable systems and certain generalizations of Cherednik algebras. 

It is now straightforward to compute all geometric information on the Hilbert scheme in terms of the 
well understood combinatorics of Jack polynomials and/or Cherednik algebras. Elaborations and further 
generalizations will appear elsewhere. 
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